A Smale flow is a structurally stable flow with one dimensional invariant sets. We use information from homology and template theory to construct, visualize and in some cases, classify, nonsingular Smale flows in the 3-sphere. Further, Wada's scheme includes an indexing of the components of the link according to whether the orbit is an attractor, a repeller, or a saddle.
o Introduction
The periodic orbits of a flow in 8 3 form knots. For Mor.se-8male flow.s there are only finitely many periodic orbits. Wada [15] has classified all links that can be realized as a collection of closed orbits of nonsingular Morse-Smale flows on 8 3 . Further, Wada's scheme includes an indexing of the components of the link according to whether the orbit is an attractor, a repeller, or a saddle.
In a 8male flow, by contrast, the saddle sets may contain infinitely many closed orbits, while the attractors and repellers must still be collections of finitely many orbits. Franks [8] devised an abstract classification scheme for nonsingular Smale flows on 8 3 using a device he called the Lyapunov graph of a flow. Each vertex of a Lyapunov graph corresponds to an attractor, repeller or saddle set (the ba.sic .set.s of the flow). The saddle vertices are labeled with an incidence matrix (determined non-uniquely by the first return map on a cross section). A simple algorithm is used to decide if a given Lyapunov graph can be realized by a nonsingular Smale flow on 8 3 . However, the Lyapunov graph contains no explicit information about the embedding of the basic sets. In contrast to vVada's study of Morse-Smale flows, Franks' work does does not allow one to .see Smale flows. It was our curiosity to visualize Smale flows that motivated this paper. It is however worth noting that Wada's results have provided tools for understanding bifurcations between Morse-Smale flows [3] and it is likely that some of our results may sheld light on bifurcations between Smale flows and form Morse-Smale flows to Smale flows. Also see [11] for an example.
The project of this paper is to visually construct examples of Smale flows and in some special contexts classify all the possible embedding types. Our primary tools will be the theory of templates, branched 2-manifolds which model the saddle sets [1] and certain earlier results of Franks that do give some information about the embedding of closed orbits. Specifically, computations of linking numbers and Alexander polynomials are employed.
Sections 1 and 2 contain background information. Our main classification theorem (Theorem 9) is in section 3. Various generalizations and applications follow in sections 4 and 5. The author wishes to thank John Franks and Masahico Saito for helpful conversations.
Knots and links
A knot k is an embedding of 8 1 into 8 3 • It is traditional to use k to denote both the embedding function and the image in 8 3 . A knot may be given an orientation. vVe will always use a flow to induce an orientation on our knots. The knot group of k is the fundamental group of 8 3 \k. A link of n components is an embedding of n disjoint copies of 8 1 ' The linking number is a link invariant, and thus is independent of the choice of the diagram. The Hopf link shown in Figure 1 . Its linking number is ±1, depending on the choice of orientations. Figure 2 gives an example. Most references allow for fixed points but we will be working primarily with nonsingular flows. Smale flows on compact manifolds are structurely stable under C 1 perturbations but are not dense in the space of C 1 flows. It is easy to see that for dim l'vI = 3, each attracting and repelling basic set is a closed orbit. The admissible saddle sets, however, may be chaotic. A Smale flow with no chaotic saddle sets is called a Morse-Smale flow.
For a chaotic saddle set of a Smale flow in a 3-manifold one can construct a neighborhood that is foliated by local stable manifolds of orbits in the flow. Collapsing in the stable direction produces a branched 2-manifold. With a semi-flow induced from the original flow, this branched 2-manifold becomes what is known as a template. The template models the basic saddle set in that the saddle set itself can be recovered from the template via an inverse limit process and that any knot or link of closed orbits in the flow is smoothly isotopic to an equivalent knot or link of closed orbits in the template's semiflow. The proof of this is due to Birman and Williams [1] and can also be found in [9, Theorem 2.2.4].
A key tool in the analysis of hyperbolic flows is the concept of a Markov partition. We refer the reader to [7] for details. In our context a Markov partition is a finite, disjoint collection of disks transverse to a basic set of a flow. Each orbit of the basic set must pass through some element of the Markov partition in forward time. and hence have the same knot type. Similarly, y and y' must have the same knot type.
Take tubular neighborhoods of a and r and denote them by A. and R respectively.
To build a Smale flow from these building blocks, we first attach the closure of the exit set of L to DA.. This gives a vector field on a new 3-manifold pointing inward along its entire boundary. That this can be done smoothly was shown by Morgan in [13] . Next attach DR to the boundary of iluL so that the union il U LU R is 8 PROOF. The proof is divided into three cases.
CASE 1:
Suppose both x and yare inessential in aA. It follows that X and Y are untwisted, that is the linking number between each of the two components of aX and of aY is zero. It is also obvious that x and yare unknotted and unlinked.
There are two sub cases to consider. It could be that x and yare concentric in aA, or it could be that they are not. That is x and y mayor may not form the boundary of an annulus in aA. In Figure 5 we show that both cases can be realized. The neighborhood L is attached to a 3-ball B along the closure of the exit set of L. Figure 5 also shows two ways one might attach handles to the 3-ball so as to turn it into a solid torus. Suppose we attach the handle to the small disks marked C and C' in the manner shown. Call the resulting solid torus A I . If we take LUA I the result is still a solid torus, and the complement in 8 3 is just another solid torus, HI. We can now build a Smale flow with an attractor in A I , a repeller in HI and a Lorenz saddle set in L. Upon further inspection the reader should be able to see that x and yare concentric. Now, instead on attaching a handle at C and C', we attach one to Band B' as shown again in Figure 5 . This time call the solid torus obtained A 2 • As before L U A2 is a solid torus with solid torus complement in 8 3 . Thus, we have constructed another Lorenz-Smale flow with x and y inessential on a tubular neighborhood of the attractor. Is it diffeomorphic to the Lorenz-Smale flow we constructed before? To see that the answer is no, study the loops x and y again. They are still both inessential, that is they both bound disks in aA 2 • But they are no longer concentric. This can be seen from careful study of Figure 5 .
In both these examples the attractor and repeller form a Hopf link. We claim that if both x and yare inessential in aA then a and r must form a Hopf link. Since R is a tubular neighborhood of a knot, the union of A and L is a knot complement. But we will show that AU L is a solid torus whose core has the same knot type as that of o,. Thus, we could remove A U L from our flow and replace it with a solid torus containing just an attractor and no saddle That any (p, q) torus knot can be realized by y is shown by construction in Figure 6 . One places a (p, q) curve on a torus. Attach an annulus to this curve along one boundary component. Add a "Lorenz ear" to form a Lorenz template. Next a "finger" pushes out of the torus and snakes along the boundary of the template and finally pokes through the x loop. Thicken this complex up to get AU L. The repeller is then placed as a meridian in the complement. An example with y a (2,1) curve is shown in Figure 7 .
The argument that a and r must form a Hopf link is the same as in the concentric subcase of Case 1 above. The core y of the annulus Y is a (1, q) cabling of the core of the solid torus L'. We can foliate L' with meridianal disks each of which meets Y in an arc. Thus, Y is a deformation retraction of L'. We then push Y into A'. Fig. 6. Y is a (p, q) cable of a CASE 3: Suppose that both x and yare essential in 8A. In Figure 8 we give an example. The loops x and yare meridians in 8A. They are also standard longitudes in 8R. The attractor a is a trefoil knot while r is unknotted and is a meridian of a. We claim that up to mirror images and flow reversal, this is the only possible configuration. Now consider the general setting. The attaching map from 8L to 8A takes x and y to two copies of some (p, q) cable knot of the attractor, a. Here we allow p or q to be zero, but not both. Likewise, the attaching map from 8L to 8R takes x' and y' to some pair of (p', q')r knots. Of course x and yare respectively ambient isotopic to x' and y' within 8L, so all four have the same knot type. Any (p, q) torus curve, knotted or unknotted, can be realized. In general, if the powers are all of the same sign, the polynomial that results is not symmetric in t, nor is any ±t multiple. But it is well known that the Alexander polynomial of a knot is symmetric in t, up to multiples of ±t. 
PROOF. We shall find " ] (L U R) using the Seifert/Van Kampen Theorem. The calculations of"] (LUA) are similar. The Alexander polynomials can then be determined from Fox's Free Differential Calculus [4] .
We must choose generators for L, Rand L n R. The generators for L n Rand L are shown in Figure 9 . The base point b, is in the "middle" of the strip 8'.
For L we shall abuse notation slightly and call the generators x and y, as they are isotopic to the x and y loops, however, we do not use the orientation of the flow. (By the proof of the previous lemma the images of x and y must wrap around DR in the same direction.) Denote the generators of L n R by w and z. For R we shall use a loop isotopic to r but with base point b E DR n 8'.
Again we abuse notation and call this new loop r.
The fundamental groups of interest are then "
and " ] (L n R) = (w, z). The homomorphisms induced by inclusion maps are It follows from Lemmas 10 and 11 that if x is a (p, q) curve on oil then x' is a (±q,p) curve on oR.
If p or q is zero then the other is ±1 since the curve is in a torus. Now suppose x is a (0, ±1) curve on oil. Then 1f] (L U R) "" T, and so a is a trefoil knot.
Since x is a meridian of a and x is isotopic to x' which in turn is isotopic to r, we see that r must be a meridian of a.
If x is a (±1, 0) curve on oil then the rolls of a and r are switched.
It is left only to show that p and q cannot both be nonzero. It shall be useful to study the attaching of the exit set of L to oil in terms of the boundary curves of the exit set. They consist of three loops denoted as a, .B and !. We take a to be isotopic to x and .B to be isotopic to y. Then! is the remaining curve. See Figure 10 . Our strategy is to show that if p and q are both nonzero then! bounds a disk in oil and that! is a nontrivial knot. This contradiction will then prove our claim.
Let o+L be the closure of the exit set of L. Clearly (oil\o+L) U o+L is torus. Figure 10 . By studying Figure 11 we see that! is a satellite of a. This implies! is nontrivial and completes the proof of Theorem 9. PROOF. In the Lorenz template there are two fixed points in the first return map of the branch line. These correspond to a pair of unlinked unknots in the semi-flow if the Lorenz template is standardly embedded. In all of the embeddings allowed for in Theorem 9 these two orbits remain unlinked. Thus, by the Birman-Williams template theorem [1] , the saddle set also contains a pair of unlinked orbits. The proof of conclusion (b) is similar and in fact simpler and so is left as an exercise. Note that hypotheses (3) is not required. 
Attracting Links
The class of links which can arise in Morse-Smale flows (nonsingular on 8 3 ) is, according to Wada's Theorem, quite limited. For Smale flows it is easy to construct examples in which every knot and link can be realized simultaneously as a saddle orbits. This is a consequence of the existence of univer.sai tempiate.s, templates in which all links all realized as closed orbits, [10] ; also see [9] and [16] .
Franks has shown that any link can be realized as an attractor of a Smale flow [6, Propsition 6.1]. In the proof the link is realized as a braid in an unknotted solid torus whose entrance set is its entire boundary. Thus given a Smale flow with attractor k we can replace k with any generalized cable of k, though a new saddle set will typically be introduced.
In [9] it is shown that given a Smale flow ¢ with a saddle set modeled by a template T containing the closed orbit k, there exists another Smale flow ¢' with the same basic sets as ¢ except that k is an attractor and and the template T has been replaced (as a model) with T', a template formed by "surgering" T along k (a standard template operation).
Turning our attention to simple Smale flows we shall use a similar idea to show that given any knot k there exists a simple Smale flow with attractor k and repeller a meridian of k. As a corollary of the construction we can give a "dynamics" proof that Alexander polynomials multiply under connected sums. 
PROOF.
The template U shown in Figure 14 (a) is known to contain all knots as periodic orbits [10] . Thus we can suppose k has been realized as an orbit in U. We shall work with a variation of U shown in Figure 14 (b) and denoted V. It has five "Lorenz ears". Notice however that the middle ear does not stretch all the way across; it is to extend only as far as an outer most arc of k. (Technically V is not a template, but it is still a branched manifold with a semi-flow).
Now consider the rather odd looking object in Figure 15 . The dark gray circle represents the tubular neighborhood of a repeller. The the light gray tube has the same knot type as k (though only a portion of it is shown); we have only added an extra loop in an outermost strand of k. The dark region is a topological ball which meets the light gray tube at a single disk near the cusp of the fourth Lorenz ear. Their union is a solid torus A. The branched manifold V has been cut open along k and is now a true template T (compare with the proof of Theorem A.3.3 in [9] ). The boundary of T is in the boundary of A.
We thicken up T to get TT. Now we can regard TT as a neighborhood of a saddle set. Its exit set is attached to A as required. From the figure we can see that A U TT is a solid unknotted torus. Thus, we can use a meridian of k as a repeller and build up the desired flow. 
The claim is that given knots kJ and k2 then ~kl '~k2 = ~kl #k2' By 
